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Abstract

Following a previously developed method, the problem of a particle scattered
by a double barrier is studied. Instead of the simple transmission or reflection,
the more difficult case of the arrival in the region between the barriers is
considered and solved explicitly by using matrix methods.

PACS numbers: 02.30.Rz, 03.65.Nk

1. Introduction

It is well known that the integral Schrédinger equation for the propagator takes, after a Laplace
transformation, the form of a Fredholm integral equation of the second kind [1]. Recently,
in a one-dimensional scheme, a method has been developed in order to obtain the solution in
zero potential regions, taking into account boundary conditions in a suitable way [2]. Typical
applications are those of transmission and reflection by barriers, and in general of scattering
[3]; an extension to a wider kind of kernels is possible, too [4].

We would like to recall that the quantum-mechanical propagator is a fundamental object in
physics. It satisfies the Schrodinger equation with a fixed initial condition and so it is therefore
an intrinsic feature of the physical system [5], independent of the wavefunction for r = 0.
Among the various non-standard applications of the propagator, we point out a satisfactory
definition of tunnelling time [3, 6], the study of the interaction of a metastable system with a
thermal bath [7], the overcoming of perturbative expansions in the study of coupling effects
in quantum field theory [8]. We refer to the literature for a complete discussion about this
subject [9, 10].

In short, it is not necessary to solve the equation inside the potential, in order to fulfil
boundary conditions; in contrast, only a formal expression of this solution is needed. To show
this, a large use of the matrix theory is made, such as partitioning techniques and properties
of rank-one matrices, among which a theorem previously established by authors [3] plays a
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basic role. Therefore a great simplification arises, and the solution is found in terms of infinite
determinants, which admit a kind expression as an entire power series.

In the following, the theory is extended to obtain the wavefunction in the region between
two potential barriers. This is an important improvement with respect to the pure transmission
or reflection, allowing the application to problems of trapping and localization of a particle, as
well as the decay and evolution of a metastable state; moreover, tunnelling times and scattering
characteristics are important parameters in designing a large class of recently developed
optoelectronic devices [11, 12].

In section 2, the method of obtaining the integral equation is discussed. In section 3,
the full calculation is developed for our model, and in section 4 the evaluation of infinite
determinants is outlined. In section 5 limiting cases are considered, and in section 6 an
application is shown when the barriers are approximated by delta functions.

2. The integral equation

Let Hy be a Hamiltonian for which the propagator G is known, and V a general potential.
The Schrddinger equation for the system with Hamiltonian H = Hy + V is

ih%llﬂ(ﬂ) = Hly®) (D

where |1/ (?)) is the vector representing the dynamical state of our system. A standard procedure
leads to

(1)) = ey (0)) —-%ué dr e 1DV |y (7)) )

that is the Schrodinger equation in an integral form. By using the representation where the
position variables are diagonal [13] (namely, passing from the state vectors [ (¢)) to the
wavefunctions ¥ (x, 1)), this equation is easily written in terms of the propagators G and Gy:

/dn VoG (x, ;1) =/dn Yo(mGolx,t;m) — %/dn Yo(n)

XL/m/ %GMJ—ﬁ@W@ﬂ&uM} 3)
0 —00
where

G(x,1;m) = (xle 7 |n), Golx, 15 m) = (x]e™ 0! |n) )

and v is the wavefunction for r = 0. In view of the future use of the Laplace transform, it is
better to perform Wick rotation to imaginary time ¢+ — —it [14], and the following equation
for the propagator G arises:

1 t o0
G(x,t;n) = Golx,15m) — ﬁ/ dT/ d§ Go(x, 1 —;5)V(E)GE, T3 m). &)
0 —00
After a Laplace transform [15]
L) = [ apne (s =y ©)
0

a Fredholm equation of the second kind is obtained [16]:

1 o0
G(x,s:m) = Go(x,s;1n) — ﬁ/ dé Go(x,5;6)V(E)G(E, 53 n). @)
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Figure 1. The double barrier.

Let us suppose that Hy corresponds to the free particle, so we have, in imaginary time [13],

G . _ m m (x—n)2
olx,t;m) = el A ®)

and therefore

c e—clx=nlVs 2m 9
G 83 = T = -
o(x,s:m) =3 7 ¢ . ©)
By defining
c 1
Go(x,s5m) = ¢(x), Gx,s:m) =¥ (x), k=cv/s, (10)

A= ——,
2h /s

equation (7) can be written in short, assuming that V has a finite range (a, d),

d
me/ dg e ElVEYE) = ¢ (x) (11)

where the variable s, considered as a parameter, is omitted, since now we are mainly interested
in the space coordinates.

3. The double barrier

Let us now consider a particular form of the potential V, as shown in figure 1. It consists of
two barriers V() and V@ with finite support, being V" £ 0in (a, b) and V® £ 01in (¢, d).
The particle is initially on the left of the barrier V), and we are interested in its transmission
into the region between the two barriers: namely,

n<a, b<x<c. (12)
Equation (11) now reads, for general x,
b d
Y (x) + A / dg ey D (Eyy () + 4 / dg’ e Iy @@y () = d(x) (13)

and, between the barriers,
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b d
Y(x) +re ™ f de VD @E)Y(E) +ret f dg’ e VA EY Y (E) = ¢ (x), (14)

a c

which is the equation we have to solve.

Our strategy consists in solving equation (13) in (a, b) and (¢, d) (formally, and not
explicitly), then introducing the results into equation (14). In these intervals, we denote the
position variables as y and z, respectively. When y € (a, b),

b d
Y (y)+A / dg e M Ely D@y &) + aet f dg’ e VA EYY(E) = d(y) (15)
and when z € (¢, d),
b d
Y(z) +re / dg VD EYY(E) + 2 / dg’ e HE Y Dy (€) = ¢ (2). (16)

A discretization procedure, withi, j = 1,..., N in (a,b),s,l = 1,...,M in (¢, d),d§ =
(b—a)/N,d&’ =(d —c)/M,y; =a+id&, zg =c+sde, f; = f(), fy = f(zs), leads to

N M
Y+ dhe Py + e Y T daj e oy, = ¢ (17)

i=1 s=1

N M
Y e Y i ety 4 Y Cdi e Ry = ¢y (18)

i=1 s=1

where di; = AV dg, dx = AVPdE', yi; = |yi — ¥jl, 20 = |zs — zil. It is understood that
the limits N — oo, M — oo will be performed at the end.
Now we write these equations in vectorial form:

A + @l (D, 4,) = ¢y

19)
P, (B1Y) + Asthy = ¢,

where the bold symbols denote vector or matrix ("= transpose), the indices 1 and 2 represent
two subspaces N and M-dimensional, A; and A, the two matrices (N x N) and (M x M),
respectively,

L+dr;  dr,e™@2 0 daye o
dre ™2 14+dr, ... daye P
Al = . . . ’
die ™™ da,e Ry 0 T4day 20)
L+dy)  daye ™ 0 d) ek
dyje 2 14dr, ... d), e ke
A2 == )
dxye ke dahehen 0 T 4d),
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+ o+ 4+
and ¥, ¥,, 0|, @, , V], U, , 1, ¢, the vectors

wl wl eikyl eikm
wz w2 e:l:kyz e:l:kz2
+ +
=1 . ) = . ) Y = . ] Py =
wN .(//M e:‘:kyN e:l:kzM
da, ek dn etka
dxr, eth di ek c ek
+ + -
vy = ) , v, = ) , P12=5—F=P1,-
: : 2.s
day ethow dry, etkan

21

The product between the matrices is intended to be performed in the usual way, row by column.

Let us now define the matrices, (M x N) and (N x M), respectively,

dAq e kn di, ek . dAy ek
drje ¥ dase R . daye Ko
Uz =, 0] = ] ) ) ) ,
drye K dp,e R day e Kuw
dyje ki dahe ke o da, e ko
dyj ek dale ke da), e kon
Up=piv, = ) . _ _ , Gi = 21— Yi-
dype ko dal ek 0 d, e ko

In this way, equation (19) becomes
A U\ (¢1\ (&
Un A )\, 2
¥\ (A Un e (o B\ (¢
P, Uy A P2 v 6) \¢

and «, 83, v, d can be found by the method of partitioning [17]. The result is

o = A?l + ATIUIQDUZIAil, ,8 = —A?lUlzD,
’Y=—DU21A1_], =D,

giving

and, by assuming that the inverses Al_l and A5 ! exist [2], the matrix D is given by
D= (A, -UyA;'Up) .
Let us return to equation (14), whose discretized form is

N M
Y +e D Tdr ey 4 Y T da ey = ¢(x).

i=1 s=1

(22)

(23)

(24)

(25)

(26)

27)

(28)
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By using equation (25) and recalling definitions (9), (10) and (21), we obtain
V) =p(x) —e " (B79)) — (D3 4,)

c ek(x+n)

=901 ~dlag) —8ey) = 5= (079 +9,09y).

It is easy to show that one has, for any suitable matrix S (Tr = trace),
2S¢ = Tr[SR], with R = ¢®
and therefore

lap; = Tr[a(e; 07)] = Trla V]

where
dxry dr el day el
dr, e hoe dx, ... day ek
Vi=p 0] =
dije ™ daye kv diy
Then,

B¢y =Tr[B(p, 07)] = TrIBU ]
with U, being defined by equation (22);

0,71 = Ti[v(p187)] = Ty W 2]

where
daf e i dase®E Ll di, e K
di e ik daje ™ L di, e e
W=7, = . : : . , Gi = yi+a,
A el daye kv da, e ki
and, at last,
05605 =Tr[6(p;0;)] = Tr[6U>]
where
drje 2 dphe® L. dA), e Kiu
drje i daje = L du, e Keu
Ur=¢;0, =| , , , L d=u+a
dr e *in dajekam L dA, ek

Then, to sum up, we are led to the result

k(x+n)

¥ (x) = ¢(x) (1 — Tr[a V] — Tr[BU 1} — %eﬁ

(Tr[yW 2] + Tr[6U, 1} .

(29)

(30)

€Y

(32)

(33)

(34)

(35)

(36)

(37)

(38)

In order to calculate the traces, we first observe that all the matrices constructed by product of
vectors are of rank 1 [17]; then, denoting by | M | the determinant of a matrix M, we use the

following theorem [3]:
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If S is a non-singular matrix and R is a matrix of rank 1, then

S—R
Ti(S'R]=1— | | (39)
[S|
So, we are allowed to write, recalling equations (26) and (27),
A, —Uy AU, -U
Tior,] = 1 — A2 = U - ol (40)
| Ay — Uy AUy |
and since
UnA;'Un = ¢ (01A7 ' 01)0; = Ti[ A7 (¢197) |3 05 = Ti[ AW U, (41)
where
drg e2kn dr, e diy ekvin
dr et day e L dayefin
W, =i} = . . . _ : Y =ity 42)
drgeliv  da,efiv L day e
we achieve the result
A -W
UnA;'Up, = (1 - M) U, 3)
[A]
and therefore
S |42 - (1 - UL - Uy "
I 21 =1 —
[A —W,|
|A2 - (1 T A )U2|
We follow the same procedure to obtain
Tril[yW 1] = —Tr[ DU A]'W 5] (45)
and since
Un A7 Wi = ¢, (0741 '¢1) 0, = Ti[A7 (¢ 07) ]y 0, = Te[ AV, ]U,
A} — V1|>
=(1—-—|U (46)
< |A;] ?
it follows
[A; — Vi
TI'["}’le] =—|1- T Tr[6U2] (47)
1
Going on,
Tl‘[ﬁUzl] = —TI'[Al_]UlzDUzl] = —TI'[DUzlAI_IU]Q], (48)
UnA{'Up = ¢, (07A]'@]) 0, = Ti[A] ! (¢197) s 9, = Tr[A]'W U,
A — W1|>
=(1——— | U,, 49)
< | Al :

so that

THBU ] = — (1 _ M) TH 8T ). (50)
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Eventually,

Tr[aVl] = Tr[Al’lVl] + Tr[A?lUlzDUZIAlilvl]

=Tr[A]'V ]+ Tt[DU, A 'V AU, (51)
so that, being
UnA{'VIA['Up = ¢, (5T A 07 (07 A 97) 05
=Tr[A} (¢, 91)[Tr[A] (0797) ], 0y
:Tr[AllVl] t[ AW, U, (52)

we obtain

_(,_1A-Vil 1AW
Tr[aVl]_(l A ){1+<1 A )Tr[6U2]}. (53)

Therefore we see that, in principle, equations (44), (47), (50) and (53), introduced in
equation (38), solve our problem.

4. Calculation of the determinants

We can now proceed to examine the problem of calculating the determinants in the previous
equations. An immediate simplification arises, since |A; — V{| = 1, as follows from
equations (20) and (32). Since the explicit limits N — oo and M — oo can be performed
independently, we can first make N — oo and evaluate |A| and |A; — W|. |A,] is nothing
but the Fredholm determinant [16] A;(A) relative to the Fredholm integral equation of the
second kind with kernel

K(yi.yj) = Kij =™V (y)) (54)

and can be written as

1+)\K11d§ )\Klzdg )\Klng
AMK> ds 1+ AK>» df e )\.KZN ds
Al = A1) = . . ) . (55
)\,KNld%_ )LKdef;: 1+)\,KNNd%'

where the following expansion can be used [19, 18]:

N N

A KP]PI Kplpz 2
AI(A)=1+XZKP1p1d§+? 3 de
pi1=1 p1,p2=1 KﬂzPl szpz
Koo Kpip: Kpipy
AN N Kppo Kpopy =+ Kpopy N
SR ] Z | | § | dgV. 56)
P1:D2s-es pN=1 . . N N
KPNPI KI?NPI KPNPN

Now we can perform explicitly the limit N — oo, and obtain the everywhere convergent
series [20] (in other terms, A;(A) is an entire function of 1)
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oo )\’n
A =1+ D, (57)
n=1
K(yi,y1) Ky, y) K (y1. yn)
b b b K(y2, y1)  K(y2,y2) K (2, yn)
Dn:/dyn"'/ dyz/ dy , ,
a a a N N
K(yns y1)  K(yn, y2) K (yns yn)

1 e kv L. e—kym
b b b e 1 TR
=/ dyn-~~/ dyz/ dy
a a a
e~k e=kym ... 1

VOGHVD () - VO (y,).

(58)

Analogously, A (1) is the companion determinant (but not strictly a ‘Fredholm determinant’,
since it is not directly related to the kernel of an integral equation)

1+)»H11d%' )\led‘é )»H]ng
MH>, dE 1 + AHy d%‘ A AHyy dé
A — Wil =A(0) = (59)
AHpy df )\.Hde%' 1+)\.HNNd§
where
Hij = H(yi.yj) = (€ = v O(y)) (60)
and it can be expanded in the same way, as
oo )\_n
A0 =1+ZHL,, : (61)
n=1
1 — eZn e~ kviz _ ki e~ kv _ ok,
b b b e e —ebi | —e?hn ek — eb
L,,:/ dyn-n/ dyZ/ dy;
a a a :
e~k _ kvl e—kym _ oky3, 1 — eZkm
x VOGOV () - VP (). (62)
Now, we can define the function
A — Wy
hl) =1-— T (63)
1
and Tr[6U,] is calculated by performing the limit M — oo:
Ti[6U,] = 1 — w, with g(A) = 1+ (). (64)
[A2 — h(M)U,|

By using previous considerations it is not difficult to show that (¢ = g, h)
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oo
)"n
4> =gl = @00 =1+ 00, (65)
d d a "=
Qn Z/ dzn / dZZ/ le
1—qg) e—2kz e ka2 _ qg(h) eszl*z cen ekzn ey esz,*,,
e k2 — g (1) e~k 1 —g(n)e 2k ek g () ek
X
ek —gye i ek —gye Tt .. 1 —gh)e
x VO )V (z2) -+ VP(z,). (66)

Therefore, all determinants can be evaluated as entire series of A.

5. Limiting cases

It is simple to show that our formulae, when V® = 0, or V(! = 0, give the pure transmission
and the pure reflection cases, respectively. Let us consider V® = 0: only the first trace
survives in equation (38), and equation (53) gives

1

TrilaV ] =Ti[AT'V | |=1 - ——. 67
rlaV]=Tr[A;'V] ALY (67)
The formula for the transmission is therefore obtained [2]:
Go(x, s;n)
Gx,s;n) =—"——. (68)
Ay(2)

If VAU = 0, on the other hand, only the last trace in equation (38) is different from zero.

Equation (64), where k(1) = 0, gives

RI)
Az ()

where ', is ®, of equation (65) with g(A) = 1, and A, is the analogous of A; of
equation (55) for the potential V. So, we obtain

Tr[6U,] = Ti[A; ' U] = 1

(69)

G m) = Gow,sim) — S [1 = P (10)
xX,8,1m) = X,8,1m) — = —
PERORET TS LT M
that is the formula for the reflection [3].
6. A simple application
In order to show an example with affordable calculations, let us consider the potentials
V() = Vs — ), VO = Vs —2),  xm>x. (7D

In this case, the integrals occurring in calculating determinants are straightforward, and all the
expansions stop at n = 1 [2], so obtaining (A;, = A V) )
1 A A -W A
- = h(k):l—' 1 M ok
Al T+ | A1l L+

from which equations (64) and (65) give

; (72)
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L+l — g e 2] (1+a)h e 20

Tr[6U,] =1 — = 73
roUo] 1+ hall — h(h) e 2n] D) (73)
and the other terms of equation (38) become
AMAo e~ 2kx
Tr[yWp]l= —rF——
(YWl DY
)\‘1}\’2 e—kalz
Tr[BU, ] = ————— (74)
r[BU 2] Do)
A1+ A
Tr[aV,] = M +24)
D))
where
X2 = X) — X1, D(L) = 1+ Ay +As + Aho(1 — e K92y, (75)
The final result is
1+ AVy) e cCMVs )y, emc@umrmys
G, s = & | LH2Ve -t (76)

2 JsD(L) VsD(L)

The spacetime propagator G (x, t; 1) is obtained from G (x, s; ) by Laplace inversion, using
for example the approximation methods shown in [21, 22].

7. Conclusions

We have presented a theory that is suitable to solve the Schrodinger equation for a particle
localized between two potential barriers. The main result is that the general solution, although
rather complicated, is exact. Only the simple case of two delta barriers has been explicitly
solved, but in our opinion the method can be applied also to more realistic barriers, owing to
the fast convergence of the series expressing determinants and to the effective techniques of
inverting Laplace transforms.

A drawback of this approach is evident: it is applicable only to one-dimensional problems,
due to the fact that the kernel for the three-dimensional ones is not separable, even outside the
potential [1, 4]. However, our work in this direction is in progress.
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